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1 Introduction

Scatterometry

Spaceborne scatterometers are able to measure the surface wind over the oceans at global coverage with a
resolution of about 25 km. The surface wind vector is obtained from numerical inversion of the geophysical
model function (GMF), an empirical relation between wind vector and observation geometry on one hand and
radar backscatter of the ocean surface on the other [Stoffelen, 1998; Portabella, 2002]. If n observations of the
radar backscatter are available, each differing from the others in (at least) incidence angle, azimuth angle, radar
frequency or polarization, then the GMF defines a folded surface of dimension n — 12 in n -dimensional
measurement space, where wind speed and wind direction vary along the 2-dimensional surface. The measured

wind vector corresponds to the point on the GMF surface that lies closest to the measurement point.

Normally, this procedure does not lead to a unique solution, because the measurements are noisy and because
the GMF surface may fold to itself, for example the upwind and downwind surfaces may be in close proximity
of each other. For ERS and ASCAT, for instance, the GMF in measurement space takes the form of a folded
cone with two sheets; the distance between the sheets being smaller than the typical size of the measurement

€1TOoT.

In the multi solution scheme (MSS), the possible solutions are not restricted to those points on the GMF that
have minimum distance to the measurement point. In the MSS a large number of a priori probable points on
the GMF is retained, up to 144, and the probability of a certain GMF point being the correct solution is

proportional to its distance to the measurement point.

The process of selecting the most probable solution is called ambiguity removal. Several schemes have been
proposed [Stoffelen, 1998; Portabella, 2002], and a number of schemes is implemented in the genscat library
of KNMI, which lies at the base of the scatterometer processors for Ku-band systems like SeaWinds, OSCAT,
RapidScat, and HY-2 (PenWP) and for the C-band systems ASCAT (AWDP) that are developed within the
NWPSAF project.

Aims and scope
This report describes one of the ambiguity removal methods called two-dimensional variational ambiguity
removal (2DVAR). 2DVAR uses a model prediction (either the NCEP model or the ECMWF model) to

estimate the best solution. The resulting wind field is constrained by basic physical laws.

The report is detailed and technical. It is intended for understanding the 2DVAR implementation in genscat
from the mathematical and methodological point of view. The modules, routines, and data structures are
described in the user manuals of PenWP and AWDP [Verhoef et al., 2018a,b].
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Overview

Chapter 2 starts with the formulation of the 2DV AR problem. The cost function is introduced as well as the
grid on which the 2DV AR problem is solved.

Chapter 3 shows how the background part of the cost function can be transformed such that it becomes a
diagonal quadratic form. The resulting transformation, called the conditioning transformation, consists of a
Fourier transformation and a Helmholz transformation of the square root of the background error covariance
matrix defined in terms of the velocity potential and the stream function in wavenumber space. It greatly

reduces the numerical load. The use of standard FFT algorithms leads to an efficient implementation.

The variational problem is solved by numerically minimizing the cost function expressed in terms of the
velocity potential and the stream function in the frequency domain. The minimization procedure is of a quasi
Newton type and needs the gradient of the cost function. Chapter 4 shows how the gradient of the cost function
is obtained using the so-called adjoint model. In terms of linear algebra, the adjoint of a matrix is its Hermitian

conjugate, i.e., the complex conjugate of its transpose. In chapter 4 the adjoint model for 2DV AR is derived.

Chapter 5 deals with the subtleties involved in going from the spatial domain to the frequency domain and vice
versa using FFT algorithms. These are caused by the fact that the wind component fields in the spatial domain
are real, whereas those in the frequency domain are complex. Symmetry relations keep the number of
independent field components the same in both representations, but packing of the independent field
components in the frequency domain into a control vector requires careful bookkeeping that also affects the

calculation of the cost function and its gradient.

Chapter 6 describes the error covariance model for the background (model) wind field which determines to a
large extend the behaviour of 2DV AR. The background error correlations are frequently referred to as structure

functions.

Chapter 7 describes how the 2DV AR implementation can be tested with the so-called single observation test.
This problem can be solved analytically and proved to be of crucial importance for getting the normalizations
in the genscat 2DV AR implementation right. It is shown how the definition of the structure functions affects

the 2DVAR analysis. The convergence properties of the numerical minimization are discussed.

Chapter 8 lists some notes on the 2DVAR implementation in genscat. The report ends with a resume of the
most important equations defining 2DVAR. Chapter 9 goes deeper into the choices made in selecting the
structure of the background error correlations. The appendices contain a number of detailed derivations that

may obscure the main line of reasoning in the text.

Special thanks to Weicheng Ni for finding an error in the equations of chapter 6.
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2 Formulation of the problem

General

The probability that x expresses the true state of the surface wind field given a vector of possible scatterometer

wind solutions (ambiguities) v¥ equalsP (x N vX). It satisfies [Lorenc, 1986]

P(xNvY) o P(v!

X) P(xX,) on

where P(v¥|x) is the conditional probability that the ambiguous scatterometer wind solutions v¥ are observed
given the state vector x, with k the ambiguity index, and P(x|x,) is the conditional probability that x
represents the surface wind field given x;, the prior background information (i.e., a model prediction of the
wind field). The state vector x is called the analysis. The most likely estimate of x is found by maximizing
(2.1), or, equivalently, minimizing the cost function J given by

JWk x,xp) = —2InP (Wk|x) —2InP (x|x,) . (2.2)
More detailed information on the scatterometry problem can be found in [Stoffelen, 1998] and [Portabella,
2002]. A description of the 2DV AR method has been given by De Vries et al. [2005]

Incremental formulation
To increase the computational efficiency of 2DV AR, the analysis increments §x are used rather than the state
vector x itself, with

ox=x—xp , (2.3a)
and

Svk =vk —x, . (2.3b)
This is called the incremental formulation. For each scatterometer observation the background field is assumed

to be known at the same position and time, if necessary from interpolation. The result is that the 2DVAR

procedure starts from the model wind field as a first guess. The cost function can be rewritten as
J(6V%, 6x) = ],(6V%, 6x) + J,(6x) (2.4)

with J, the observational term and J;, the background term.

Packing

The analysis wind field in 2DVAR is calculated on a regular grid which encompasses all observations. The
analysis wind components are packed in the state vector x (or §x in the incremental approach) which is used
in the minimization procedure. In that context, the state vector is also referred to as the control vector. Suppose

the 2DV AR analysis grid is defined as
(xij'yij) B i = 1,2,...,N1 , ]= 1,2,...,N2 , (25)
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with x;;, y;; the coordinates of the grid point with indices 7 and j. The analysis or control vectors x and §x have
2N; N, components that are ordered as indicated in figure 2.1, with
wi; = ulx,yi) 0 v = v Vi) (2.6a)
Suj = ulxij, ¥ij) —up (X, ¥ij) » 6vi = v(xi5 ¥i) — vp(Xijy i) (2.6b)

where (u;, v;;) is the analysis field and (6u;;, §v;;) the incremental analysis field.

A 1 2 NN, NN, +1 ... 2N;N,
6x; ouUqq ouq, Sdup, N, 6vq4 VN, N,

Figure 2.1 Packing of the velocity field variables into control vectors.

The order of the elements in the control vector is not relevant for the minimization procedure itself, but it will
help to facilitate the derivation in the next sections. Note that the wind fields are packed according to their

component and not according to their position.

The background term

Assuming that the errors in the background wind field are Gaussian
P(8x) o exp |—3 (80)"B71(5x)| 2.7)

with B the matrix of background wind error covariances and the superscript T indicating that the transpose of

the vector or matrix should be taken. This yields
Jp(6x) = (6x)TB71(6x) + C 2.8)
with C a constant that may be neglected during minimization. Note that taking the transpose suffices since §x

is a real vector. In the general case the Hermitian conjugate (complex conjugate of the transpose) should be

taken.

In terms of the unpacked velocity fields, the background term of the cost function reads

Jp = TUI0E B (Sud + 6vf) (2.9)

This equation holds if the background field is considered as a discrete quantity on a grid. If it is considered as

a continuous field, the background cost function reads

Jo =0, " dxdy [* " dx'dy’ [su(x,y)B~ (x,y,x,y)ou(x’y) +
+8v(x, Y)B 1 (x, y,x,y)6v(x,y)] . (2.10)
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In 2DVAR the second point of view is taken, assuming that all quantities are sampled on a grid that is large

and dense enough to assure convergence of the integrals.

The observational term

The observational term in 2DVAR is most easily expressed in terms of the orthogonal components of the

horizontal wind vector fields. It reads [Stoffelen and Anderson, 1997]

P(1x) « L picexp [~ SV (0 + F) 71 (6v)] @.11)
where the summation extends over all possible solutions (ambiguities). In (2.11), O stands for the covariance
of the observation errors and F for that of the representation errors (errors caused by spatial and temporal

differences between observation and background). The probability of ambiguity number k being the correct

solution is given by py.

The observation cost function in terms of the unpacked wind velocities reads

-p,—1/p
st-5u@ ) (65,-6v@ )
]0 — ZNobs [ M (( . m,k) + ( . m,k) —21In Pk

, 2.12)

m=1 k=1 &2 g2

where the summation is over all N,,¢ observations and all M,,, ambiguities of observation m. Equation (2.12)
applies in particular to scatterometer observations which in general have M,,, ambiguous solutions, each with
a-priori probability Py. Further, €, and ¢, are the expected standard deviation of the scatterometer wind
components. For all scatterometers ¢, = &, =1.8 m/s. The parameter p is an empirical parameter that gives
optimal separation between multiple solutions for p = 4. The analysis increment wind components 8, and
67, are interpolated to the position of the observation, the interpolation being indicated by the bar. That is
why all observations should be contained in the 2DVAR analysis grid with positions (x;;,y;;) as defined in
(2.5).

Note that if there is only one single observation present with unit probability, (2.12) reduces to

(Sul—é‘ug‘?l))z 4 (6v1—6v§?1))2

EZ

S0 _
)
u &

(2.13)

The 2DV AR analysis grid

The wind speed vector components are usually given as the west-to-east (zonal) component u and the south-
to-north (meridional) component v. 2DV AR uses the transversal wind speed t, perpendicular to the satellite
track, and the longitudinal wind speed [, parallel to the satellite track. They are related to u and v by

t =ucosb;; +vsinb;;

| = —usinf;; +vcos6;; ' (2.14)
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where 6;; is the orientation of the wind vector cell (WVC) with indices (i, j), measured counterclockwise from

the north. It varies continuously from WVC to WVC, slowly near the equator and more rapidly near the poles.

Vogelzang [2006] compares various methods to obtain the orientation of a WVC given its coordinates.

Since the relation between (u, v) and (¢, 1) is an ordinary rotation, the cost function does not change value or

form under this change of variables. Note that ¢t and [ have the same role in the 2DV AR batch grid as u and v

in a geographical grid. Therefore, the transversal and longitudinal wind speed components are often referred

to as u and v in the 2DV AR software.

The 2DVAR analysis grid, also referred to as the 2DV AR batch grid since the scatterometer observations are

split in so-called batches that span at most one-sixth of an orbit, is more or less aligned with the satellite orbit.

It is constructed as follows:

1. The center point of the first row of observations, ¢; and that of the last row of observations, ¢, is calculated.

2. A great circle Cy, is defined through ¢, and c,. This is the backbone of the grid.

3. The grid points are defined on great circles perpendicular to the backbone C;,. The grid is also extended

before ¢; and after ¢, in order to make the grid large enough.

See Vogelzang [2019] for more details.

10
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3 Transformation of the cost function

Overview

Equations (2.10) and (2.12) completely specify the background and observational part of the cost function,
respectively. Both equations are assumed to be formulated in terms of the transversal and longitudinal wind
components (¢, ). The total cost function can be calculated once a form for the background wind covariance
matrix B and an efficient way to compute its inverse B™1 are established. This can be achieved by a series of

transformations:

»  Fourier transformation of the wind field from the spatial domain to the frequency domain;
»  Helmholtz transformation from wind fields to potential fields in the frequency domain;

= Normalization with the error covariances (error variances and error autocorrelations).

These three transformations together are called the preconditioning transformation. Its effect is to transform B
expressed in terms of the wind components (¢, [) in the spatial domain into the identity matrix in terms of the

normalized potential fields (™, ¥ ™)in the frequency domain.

The wind error covariances are calculated from the wind vectors at two points. Following Daley [1991] it is
assumed that the covariances are homogeneous (i.e., independent of the absolute location of the pair of points)
and isotropic (i.e., only dependent on the distance between the points). In that case the matrix B is symmetric
and positive definite, so its inverse certainly exists. With (.. ) denoting the wind error covariance, the matrix

B can be written in terms of the wind components in the spatial domain as

(6t,8tT) (8¢, 61T)> (Btt Btl)
B: = ( = 3.1
S \(s, 8Ty (6L,81TY) T \Bie By G-
The background contribution to the cost function reads, see (2.8)
Jp = 6xTB;6x (3.2)

which can be interpreted as a summation like in (2.9) or an integration like in (2.10)

Fourier transformation

The first step in the preconditioning is to go from the spatial domain to the frequency domain by Fourier
transformation (denoted byF). This transforms the matrix-vector multiplications from convolutional form to
ordinary multiplication form. The transformation reads 8 = FSt and§i = F&l, the hat indicating that the
quantity is in the frequency domain. On a regular grid with grid size Ax in the position domain and grid size
Ap = (NAx)~! in the frequency domain, with N the number of grid points, the discrete Fourier transformation

and its inverse of a function fin two dimensions read [Press et al, 1988]

A (fm In
kl = m=14n=1/mn 2m " ’ .
for = 07 Slhes Skt fnne™ () 639

11
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_ 1 M N 7 —Zni(k—m+l—n)
fm,n_MNAz kzlzlzlfk,le MoN ’ (3-3b)

where 4 = Ax = Ay. Note that the normalization factor for the inverse transform equals the grid sizes in

frequency space. See appendix A for more detailed information on the Fourier transform.
After Fourier transformation, the background contribution to the cost function reads
_ saTp—1len
Jp = 6X"B;; 6% 34

with §% the control vector in the frequency domain.

Helmholtz transformation

The second step is to express the wind speed increments (8%, 81) in the frequency domain in terms of the

velocity potential and the stream function (8, §¢) by using the inverse transformation.

The forward operator H = (H,, H,) for continuous functions in the spatial domain reads

dx(x, a ,

t(,y) = Hilxyl(x,y) = 200 - 2250 (3.52)
dx(x, g ,

l(x,y) = H D6 9 y) = 220 4 0 (3.5b)

with the square brackets indicating a function as argument of an operator. Note that the forward transformation
transforms potentials into horizontal wind components, while the inverse transformation transforms horizontal
wind components into potentials. In appendix B it is shown that the forward transformation in the frequency

domain reads

tw,q) = h@x@ ) —h(@OP@.q) - (3.62)

I0.q) = (DX @) + )P, @) - (3.6b)
with

h(p) = —2mip . (3.7)

It will be shown later that 2DVAR only needs the forward transformation and its complex conjugate, but

expressed on a discrete grid. Equations (3.6) and (3.7) are immediately discretized to

tnn = =27 [BnRmn — GnPmn] (3.82)

Inn = =271 [GnRmn + DnPmn) (3.8b)
with

Pm=ys + ®=ns - (3.9)

1 2

the spatial frequencies resulting from the discrete Fourier transformation.

12
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Definition of the background error covariance matrix
After the inverse Helmholz transformation, the background contribution to the cost function is given by

Jy = 6§"By 68 (3.10)

with §& the control vector in terms of the velocity potential and the stream function in the frequency domain.

The error covariance matrix given by
_(62,6%7) (52.697)\ _(Bwzx By
B,y = ~ om ~ an ) =\5.. B : (3.11)
(69, 677) (69,69") oz B

The advantage of applying these transformations is that the cross covariances in B, the ones between éu anddv,

) )

that are not negligible in terms of the horizontal wind components in the spatial domain become almost zero,

Byy = (ng 3217,) : (3.12)
Now, the matrix has become diagonal. The last step is to factorize it into error variances X and error correlations
I by

B,y =2z (3.13)
with

e 8) ()

The stream function and the velocity potential are not observable quantities, but their error variances and error
correlations can be derived from the wind field, either from theory or from measurements (or a combination

of the two). See section 6 for more information.

Once the matrix is diagonal, it is inverted easily: the inverse matrix is also diagonal and each diagonal element
in the inverse matrix is the inverse of the corresponding element in the original matrix. Also, the square root
of a diagonal matrix can easily be found: it is a diagonal matrix in which each diagonal element equals the
square root of the original element. The background contribution to the cost function finally reads

Jp = 68T BS 558 = 6$TB):(;A/ZB;('¥26$ . (3.15)
In the original formulation in the spatial domain, equation (2.8) evaluation of the cost function would require
a full matrix-vector multiplication, whereas in the frequency domain only multiplication with the diagonal

components is required (convolutional form). Therefore, this step is also referred to as convolution.

Preconditioning and unconditioning transformation
The transformations can be combined to the so-called preconditioning transformation
&= B):(gzﬂ-lFax =Céx , (3.16)

13
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where £ is the preconditioned state vector. It is obtained from packing the increments in the potential fields in
the frequency domain, normalized with the square root of the error variances and error correlations. This is the
state vector actually used in the 2DV AR minimization process, and therefore the inverse of (3.16) is needed

in 2DVAR. This is called the unconditioning transformation U and it satisfies

Sx = F*HB%E =UE . (3.17)

Figure 3.1 shows the unconditioning transformation schematically.

Frequency domain Spatial domain
Control Fields Fields Control
vectors vectors
< Normalized
f unpack
_—
potentials
-1/2
l B)?ﬂ} d
Potentials = (8%, 69) < Potentials
VH
Rotated = . < Rotated
(6%, 61) BN (6t, 51)
wind speeds wind speeds
IRt
EW/NS =
(6u, 6v) ox
wind speeds

Figure 3.1 Scheme of the unconditioning transformation (the yellow path).

The preconditioning transformation reduces the background error covariance matrix to the identity matrix, so
the background cost function is expected to become simply the scalar product of the conditioned control vector
with itself. In chapter 5 it will be shown that there are some subtleties involved due to the nature of the

numerically calculated Fourier transform. The final form of the background cost function equals
Jp = ApAq Tawié; (3.18)

with the index A running over all components of the control vector and the weights w, determined by the

symmetry properties of the Fourier transform (see chapter 5).

The origin of the normalization factor in front of the summation in (3.18) can be understood by writing the
background cost function in terms of the normalized potential fields in the frequency domain, Y™ and 7™,

as

14
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Jo= 11" dpdq ™ @ DI+ ™ @ O . (3.19)

If (3.19) is evaluated on a regular grid using first-order quadrature (higher order is not necessary since the FFT

algorithm used for the Fourier transformation is also first-order) one obtains
Jp =X ApXi, Aqp™ (i ap))? + ™ (i ap)])* (3.20)
where the factor ApAq can be moved in front of the summation. See also chapter 5.

The observation term remains the same,

P st @OV (5151 ) P
5Em—5t 8l —51
Jo = ENODS [ 1]521 <( = 2 m'k) + ( = 2 m'k) —2ln Pk)

m=1 &7 &

-1/p

, (3.21)

with &; = &, = 1.8 m/s and the bar indicating interpolation of the analysis wind components to the position

of the observation.

The horizontal wind component increments in the spatial domain, 8t,, and 81, are obtained from unpacking,
unconditioning, and interpolating the control vector §. In this way, all transformations are contained in the

background part of the cost function.

15
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4 Gradient of the cost function

The minimization is done using routine LBFGS from J. Nocedal [Liu and Nocedal, 1989]. This is a freeware
routine for minimization using the limited memory BFGS method. The routine not only needs the value of the

cost function for arbitrary values of the control vector, but also its gradient with respect to the control vector.

The background term
The background contribution to the cost function is given by (3.18) and reads

Jo = Bpdg Tawidy . 4.1
This can be considered as a summation or an integral, see (3.19). Its gradient with respect to the control vector
is simply

aj
Vipla = 6_;1 = 24,4Wp85 4.2)

which is a vector in preconditioned control vector space. Section 5 addresses the question how to express (4.1)

and (4.2) in terms of the normalized potential fields in the frequency domain.

The observation term

The observation contribution to the gradient is

9Jo
V], = Fr 4.3)

which is again a vector in preconditioned control vector space, i.¢e., the control vector in terms of the normalized
potential fields in the frequency domain. This must be transformed to an expression in terms of the velocity
fields in the spatial domain (ordinary control vector space), because the observation source term is defined in
that representation. In matrix-vector notation this can be written as (see appendix D)

_ g
Vo =U"22 (4.4)

where U™ is the adjoint of the preconditioning transformation U defined in (3.17), i.e., the complex conjugate

of the transpose of U. In appendix D it is also shown that

x _ T — -1 1/2 T — p1/2 gy«
U =0T = (F HB)?@) =B’H'F (4.5)
since the Fourier transform is self-adjoint and the background error correlations are real.

The derivatives of ], in the spatial domain are easily obtained from (3.20). Writing

= 2
m=1 &2 &

N 1 My [ (6Em—6t%) )2 (8Tm—812) )2 _p
Jo=Zaiis P L T =1, B i 2P| (4.6)
the components of the gradient in the spatial domain equal
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0o _ 0o 0)s _ =1,-1-1/p s 0o _ 2o O)s _ =1,-1-1/p s @7)
98ty  0Js 06tm  p S 38ty ' 06Ln,  0Js08L, p’S 8L, :
with
-p—1
. ) )2 F ()2 p . (0)
Vs _ gt (8Em—0t5n) +(azm—51m,k) Comp 2(8tm-5t5),)
ast,  P4k=1 &2 &2 k &2 ’
SE s (0) 2 SL 5(0) 2 —p-l SL 5(0)
A vy G Y +( n=Slmi) 2InP Gl (4.8)
381 P Lik=1 &2 ? k & ' ’

Note that the factors —p~! and —p in (4.7) and (4.8) cancel. The gradient with respect to the control variables
of the observation term is thus obtained by adjoint preconditioning of the gradient in the analysis field in the
spatial domain.

In case of one single observation with unit probability, equations (4.6) and (4.7) simplify to

(551—5t§f’1))2 N (51‘1—51§f’1))2

S0 _

50 = u - ' 4.9)
3550 2(651—6t§f’1)) 2150 2(5i1—5l§?1)) (4.10)
ast, &2 YT &? ' '
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S5 Packing in the frequency domain

In section 1 it was shown that the control vector in the spatial domain can be defined in terms of the horizontal
wind speed components (u;j, v;;)or, equivalently, (t;;,;;) as depicted in figure 2.1. In particular, the control
vector in the spatial domain has dimension 2N; N,. Some care must be taken when defining the control vector
in the frequency domain, because of the peculiarities of the Fast Fourier Transform (FFT) algorithm. Before

moving to the full problem, some main characteristics will be discussed in a one-dimensional example.

One dimensional example

Suppose a real function f(x) with Fourier transform f (p). When applying an FFT algorithm, the function f
is sampled at N real values in the spatial domain, while f is sampled at N complex values in the frequency
domain. As discussed by Press et al. [1988], these complex numbers are not independent because fsatisfies

the symmetry relation
fem=f® (5.1)

the star indicating complex conjugation. This can easily be shown from the definition of the Fourier transform
(A.1).

On an FFT grid the sampling points in the spatial domain have coordinates x; given by
x;=@{-1)4 , i=1-,N , (5.2)

assuming a square grid with size 4. The forward FFT operation returns the coefficients on a frequency grid p;

given by

pj=ji , j=—§M+1,-~-,+§M , (5.3)
where

A=— . (5.4)

Using (5.1), only the non-negative frequencies of p are independent. The FFT algorithm returns the Fourier
coefficients in a rather peculiar order [Press et al. 1988]. This is shown schematically in figure 5.1. The first
coefficient, f;, corresponds to zero frequency and is therefore real because it is simply the integral over the
function f. The next coefficients, f] forj=2,-- ,%N , are complex and correspond to frequencies (j — 1)A.
The coefﬁcignt with index j = %N + 1 is the sum of the contributions at plus and minus the maximum
frequency p %max. Because of (5.1) this coefficient is also real. The last coefficients with indices j = %N +
2,---,N correspond to the negative frequencies (j — N — 1)4 and these are the complex conjugates of the
corresponding coefficients at positive frequency. Note that the coefficients which are each others complex

conjugate lie symmetrically around the point with maximum frequency.

19




" b of ) ) o DocID  : NWPSAF-KN-TR-004
NWP SAF | Two-dimensional variational | Version :18

Numerical Weather Prediction . . Date 1 01-06-2022
ambiguity removal (2DVAR)
fl fz f3 ]64 fs f6=f4* f7=f3* fs =f2*
p=0 p=24 p=2A p=34 |p=+44 | p=-34 | p=-24 | p=-4

Figure 5.1 Structure of the one-dimensional Fourier coefficients in the frequency domain for N=8. The blue cells
contain real coefficients, the red cells complex with conjugate pairs in the same shade of red. The frequency is given
below.

This implies that the N complex Fourier coefficients in the frequency domain contain exactly N independent

real numbers, see also figure 5.1.

Two-dimensional case

In the two-dimensional case, applicable to 2DVAR, the Fourier transform in the frequency domain, f(p, q),

of a real function in the spatial domain, f(x, y) satisfies

fer—=f@a . (5.5)
In the spatial domain the 2DV AR batch grid is sampled on points (x;, ¥;) with

x;=@@-D4 , i=12-N , (5.6)

yi=0G-D4 , j=12,-,N; , (5.6b)

assuming a square grid. An FFT operation returns the coefficients f; = fviq i) with

N , 1 1
p; =4, , l:_EN1+1""’EN1 , (5.7a)
. A , 1 1
CIJZJAq , ]=—5N2+1,,5N2 ) (57b)
with
1 1
Ap = N_lA , Aq = m . (58)

The ordering of the FFT coefficients in the frequency domain is analogous to the one-dimensional case and
sketched in figure 5.2.

The coefficients of the first row have p = 0 and therefore

frj = £(0,4)) = dxdy f(x,y)e*™ 4 = [ dy F(y) e*™4¥ (5.9)
with

E@) =[dx f(xy) . (5.10)

Now E, is a real function, because f is real. Equation (5.9) defines the coefficients of the first row as the FFT
coefficients of a real function. The coefficients in the first row therefore satisfy the symmetry relations of the
one-dimensional case. The coefficients with indices (1,1) and (1,%N2 + 1) are real, while the others are

complex and each others complex conjugate, symmetric around the coefficient with index (1,%N2 + 1) as
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indicated by the white star in figure 5.2. The same argument holds with x and y interchanged, and therefore

the coefficients of the first column are those of a real function.

Figure 5.2 Structure of the two-dimensional Fourier coefficients of a real function. Real coefficients are indicated in
blue, complex coefficients in red. The row numbers are given at the left. The column numbering is analogous. The stars
indicate coefficients that are not independent.

The coefficients of row k; = %Nl + 1 satisfy

~ A ~ 271 ( Pryax X+4 ) 270 (= PryaxX¥+4,7)
Fros = F P @)+ FPost)) = [[ddy £, e 7m0 2O | sy
with p% . This can be written as
Alpmax f . f
fkl,j = f dy ey f dx 2 cos(Pmax (5.12)

which again is the Fourier transform of a real function. The FFT coefficients in row %Nl + 1 therefore satisfy
the same symmetry relations as those in row 1. The same argument holds with x and y interchanged, so the

. . 1 . . .
FFT coefficients in column > N, + 1 satisfy the same symmetry relations as those in row 1.

The other coefficients are all complex and form complex conjugate pairs. The pairs lie point symmetric around
the point with indices (kq, k;) = (% N; + 1,%N2 + 1) due to (5.5). All coefficients in an area marked with a
white star in figure 5.2 are the complex conjugate of another one in a non-marked are. In total there are exactly

N; N, independent numbers, as can easily be inferred from figure 5.2.

A final point concerns the coefficient with indices (1,1). This coefficients corresponds to zero frequency, and
is just the average of the function in the frequency domain. For the normalized potential increment fields in

the frequency domain in 2DV AR it represents energy fed into or drained from the wind field. Since 2DVAR
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is not allowed to change the energy from the system, this coefficient should be zero. Note that such a change
in energy transforms to an average wind in the spatial domain. Putting the coefficient with indices (1,1) in the
frequency domain equal to zero is equivalent to the requirement that 2DV AR should be free of bias —a common

and reasonable demand.

With this information, the packing and unpacking algorithms can be constructed as indicated in figures 5.3 and
5.4, respectively. The dimension of the control vector equals 2(N; N, — 1). Note that the role of real and
imaginary components is opposite of that in the “normal” situation, because the transformation coefficients

are purely imaginary.

Basically, the algorithm contains loops over index i; running from 1 to the total number of grid points in the
first dimension, N;, and index i, running from 1 to half the number of grid points plus one in the second
dimension, k, = %NZ + 1. The loops are done twice, once for the velocity potential and once for the stream

function.

k=N, +1 k,=3N,+1

i, =1 No action

L=23N, &, =Imy"1i); &,=Rey™ (i) A=A+2

i, =k, & =Imy™ (Lk,) ; A=2+1
i =2,7N,

Ji=N,+2-i

=1 Son =Imy G 1) 1o = Rey ™ (i) A=A+2

L=23N, &, =Imy"@,i); &, =Rey™ (i) A=A+2
§i+1 zlml/}(n)(jlaiz) ; 5,‘”2 :Rel//(n)(j],iz) ﬂ=l+2

i, =k, oy =Imy "G Lky) s &, =Rey" (k) A=A+2
i =k

i =1 E=Imy ™ (kD) ; A=A+1

h=24N, &, =Imy"(k,i,); &, =Rey™(k,iy) A=A+2

i, =k, & =Imy" (k&) ; A=1+1

Repeat with 17" replaced by 7"

Figure 5.3 Packing algorithm in the frequency domain.
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i =1
i, =1 i " (L1) = (0,0)
i,=2,3N, A=A+2 v P Li)=(.80) "M)=" L)
i, =k, A=A+1 v (1,ky)=(0,;)
L :2’%N1
i =1 A=A+2 v =(.60) v PG =" 6D
I :2,%N2 A=A1+2 l//(n)(iloiz):(éﬂa‘fﬂfl); '/7(n)(j1aj2)=l/7(")*(f1ai2)
A=4A+2 V/(n)(jlniz):(éﬂnéﬂ—l); '/7(n)(i1aj2)='/7(n)*(f1ai2)
Iy :kz A=A+2 W(n)(l'pkz):(@»@fl); W(n)(jlakz):'/}(n)*(ilakz)
i, =k,
i, =1 A=A+1 i " (kD) =(0,€,)
ih=23N, A=2+2 v " =(£1.6,0); v (1, ) =" (Liy)
i, =k, A=A+1 i " (ky k) = (0,€,)

Repeat with 17" replaced by 7.

Figure 5.4 Unpacking algorithm in the frequency domain.

Effect on the background cost function

The basic form of the background cost function is given by (3.19) as
Jo =12, 17 dpda @1 + RO @9F (5.13)

Approximating the integral by a first-order summation (just like the integrals for the Fourier transformations

in the FFT algorithm), this yields
N No r7(n)rs A i
Jo = Bplq Xi oy iy [P (13, 0)]? + R ™ (1, )] (5.14)
with the summations running over the 2DV AR batch grid in the frequency domain.

Now we can apply the symmetry relations of the previous sections to the Fourier coefficients ()™ and ™.

The contribution of a conjugate pair equals

[ (i, 12)]% + [P™ G, )] = 2[Rep ™ (iy, i5)]1* + 2 Im [P (iy, )] =
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= 2[PM iy, i), (5.15)
with j; =Ny + 2 —1i; and j, = N, + 2 —i,. This explains the origin of the factor w; in (3.18). If all
independent components of )™ and (™ are written as components of the control vector & according to the

packing algorithm in figure 5.3, the background cost function reads
Jo = Aphq Xawiéi - (5.16)

The weights w; are equal to 2 if the corresponding element of ()™ or7(™ belongs to a conjugate pair, and it
equals 1 if that is not the case. This happens only for indices (1, k,), (k1,1), and (k4, k;) as can be inferred

from figure 5.4. The components with index (1,1) do not contribute.
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6 Error covariance model

Spatial domain

The error covariance model in the spatial domain is modeled following Daley [1991]. The Gaussian model for

the error covariances of the velocity potential and stream function in the spatial domain is defined as
—r2/R2
fp() = A =vAVye /R, (6.1a)
fr ) = v /R (6.1)

where v2 stands for the ratio of the rotational and the divergent contribution to the wind field, Ry and R, for
the length scales determining the extent of the error correlations, and Vy, and V, for the variance of the error
in Y and y, respectively. The error covariance model presented above holds for isotropic errors in 1 and y.
The error variances Vy, and V, are in the potential domain and therefore hard to estimate. It would be much
more convenient to express them in the wind domain. The errors in the potential and wind domains are related

as [Daley, 1991, section 5.2]

Vv V.
==, V=4 . (6.2)
P X

with V; and V; the variances of the error in the background wind components [ and t, respectively. The scaling
parameters Ly, and L, are defined as

fp() 2 fx()
13, =— , 12 === : 6.3
2 rpml._," X 72 _, (63)

These relations are derived at the end of this chapter, since they are not explicitly given by Daley. Equation
(6.3) holds for any form of the error correlation function. Note that Daley adds an additional factor of 2 in the
right-hand side of (6.3), but that is incorrect. For the Gaussian form (6.1) one readily finds

2 _ 15,2 _1
B=1ry , 2=1r2 (64)

and (6.1) becomes

2 2

T

fp) = A= vV L2e ™ = ~(1=vAVR3e Ry (6.52)

r

2 2

T

fy () = vV l3e ® =2V.RZe % | (6.5b)

T

Frequency domain

Fourier transformation yields the error covariance model in the frequency domain. The Gaussian model will
also be Gaussian in the frequency domain, see appendix G. Using equation (G.4) the error covariance in the

frequency domain reads (see also 3.12)
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o @) = Byg(p,q) = Z(1 —vAVRe ™ Ro@*+aD) (6.62)
fy(@.9) = Byz(p,q) = Sv2V,Rje ™ Ri@"+aD) (6.6b)

For the conditioning transformation we need the matrix elements of BA/A2 and B%)/? , which are the square root
of (6.6)

@@= 71—V aRje TR (6.7a)

() = \/g veRe T RIPHOD) (6.7b)
with g = \/71 and & = \/Vt

Relation between errors in the wind domain and the potential domain

Daley [1991, section 5.2] defines the error covariances in the wind domain and in the potential domain as
Cu() = Efpu() , Cee(r) = EZpee(r) (6.82)
Cpp () = EGpyy (1), Cop(r) = Ezpyy (1) (6.8b)

where E? stands for the error variance and p for the error correlation. Comparison with the previous sections

shows the correspondence C « f and E2 & V. Since p(0) = 1 it follows that for each component C(0) = E2.

Daley also shows that in the isotropic case

Cu(r) = —-—C¢¢( )— (™) (6.9a)

Cu) = =220 () — S0y (6.9b)

Setting r = 0 lets the first derivatives vanish, since the covariances are symmetric functions of their argument.

The second derivatives evaluated at r = 0 can be written using (6.4) as

d? _ _ 2

G| _ =V = LG (0) (6.10a)
dZ

2| _ = 7P M| = 130, (0) . (6.11b)

Substituting this in (6.9) and letting C(0) = E? immediately yields (6.5).
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7 Single observation test

Single observation solution

In case there is exactly one observation, the 2DV AR problem can be solved analytically. Suppose that at some
point (x;, y;) on the 2DVAR grid there is one observation (u,, v,) with increment (§u,, §v,). Starting with
zero background increment and zero analysis increment field, the only contribution to the cost function and its
gradient originates from this observation. From (4.9) and (4.10) this contribution reads

_ Sud+6v3 _ ud+vd

= = Jda
o= RELRE _iud (7.12)
9o _ 28up _ 2uo 9Jo _ 26V _ 2V (7.1b)
du, &3 & ' 9y, &2 &3 )

with gy = g, = &,. Now the 2DV AR problem reduces to an optimal interpolation problem [Daley, 1991] with

solution
2.2
final _ _ €B%0 initial (7 2)
e =@t :

where J; = J, + ], is the total cost function. At the solution point, the gradient of the total cost function should

be zero, since the total cost function is minimal there. Therefore

Vip==V], . (7.3)
With these relations it is possible to calculate the final analysis field as shown schematically in figure 7.1.
Starting with values for (u,, v,) and for ¢, and &g, the final cost function value is obtained from (7.2). The
gradient of the observation part of the cost function is obtained from (7.1b). This yields the gradient of the

background part of the cost function according to (7.3). Since the background cost function can be defined as

Jp = ETE, its gradient reads
Vip =2 (7.4)
From (7.4) the background potential field can be retrieved. See appendix E for a more elaborate derivation.

The increment of the analysis wind equals the analysis wind itself, since the background is assumed to be zero,

so at the observation point it satisfies

W) = o2 (uy,,) . (75)

2
EB+EO

Applying the unconditioning transformation to the background potential field yields the analysis wind field
that should have the prescribed rotational and/or divergent structure determined by the value of v set in the
error covariance model. Since the wind speed at point (x;, y;) should satisfy (7.5), its value can be used to
check the unconditioning transformation. A second check consists of packing the potential fields into a control
vector and calculating the final background contribution to the total cost, which should satisfy (7.2), and that

to the total gradient, which should satisfy (7.3).
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1
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Figure 7.1 Scheme for calculating the solution in the single observation test. The green boxes indicate quantities that
can be compared with the input values.

This test is implemented in program SOSC (Single Observation Solution Check). The required solution is

retrieved within machine precision (about six decimal places).

Single Observation Analysis

The next step in testing the cost function and its gradient is to start with zero background and let 2DVAR’s

minimization routine find the solution. This is done in program SOAP (Single Observation Analysis Plot).

Figure 7.2 shows the resulting wind fields for (u,, v,) equal to (1,0) or (0,1) m/s and v equal to zero (purely
rotational) or one (purely divergent). The observation is located in the centre of the grid, x and y equal to 1600
km. The range parameters Ry, and R, are both equal to 300 km. The error variance in the observations and in
the background field was set equal to 3.24 m?/s* for both. The wind speed at x and y equal to 1600 km should
equal half of the initial observation. This is satisfied with an accuracy better than 2 - 10~°. The minimization
in 2DVAR is performed by routine LBFGS [Liu and Nocedal, 1989]. The accuracy with which the solution is

retrieved can be controlled with the parameter € defined as

2 _ Vel _ 2av)el)’ 77
el TR, 7.7)

&
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Figure 7.2 Results of the single observation test for various observations and values of the rotational/divergence ratio.

29



The EUMgEAT Doc ID : NWPSAF-KN-TR-004

Network of
sateliite Application

NWP SAF | Two-dimensional variational |Version :1.8

wreesnensrsse | ambiguity removal (2DVAR) | P2 101002022
. V]l
Iteration It 7. v,
1 0.308642
2 0.30864152
3 0.30863965
4 0.30863214
5 0.30860204
6 0.3084817
7 0.30800086
8 0.30608514
9 0.2985448
10 0.2703461 4.65 10" 0.06656095
11 0.15591854 3.98 10 0.49277255
12 0.15513143 28210 0.49654663
13 0.15432084 2341077 0.5000003

Table 7.1 Convergence of 2DVAR’s minimization in SOAP. The quantity v, is the meridional wind speed atx =y =
1600 km and should equal 0.5 m/s.

Table 7.1 shows in detail the convergence of SOAP for (u,,v,) = (0,1) m/s, v = 0 (purely rotational), and
Ry = R; = 300km. The cost function does not converge with uniform speed. Convergence starts slowly but
surely, with a rate of about one decimal place per iteration. The final solution is almost reached at the 11-th

iteration. The last two iterations further improve the minimum.

Routine LBFGS stops when the calculated ratio of the norm of the cost gradient and the cost is smaller than ¢.
Table 7.1 shows that € should be smaller than 4.65 102, otherwise LBFGS would stop at iteration number 10
or earlier, before it has converged to a decent velocity field (v, is much too small at iteration 10). On the other
hand, € should be larger than 2.34 10", because otherwise LBFGS would be forced to search a minimum

beyond machine precision. Therefore & should be somewhere between 107 and 10°'%.

Positional properties

Figure 7.3 shows what happens with the single observation analysis when the observation is not in the center
of the 2DV AR grid (left panel), but at the edge (right panel). This figure was obtained with (u,,v,) = (0,1)
m/s, v = 0, and Ry, = R, = 600 km in order to extend the spatial range of the covariance structures. Figure
7.2 shows that the analysis is periodic. In order to prevent mixing of observations at the grid edges, the 2DVAR
grid should be extended such that the periodicity of the analysis has no influence on the final 2DVAR results.
The size of such an extension depends on the spatial scale of the background error correlation lengths Ry, and

R, . It should be several times the correlation length.
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Figure 7.2 Effect of the observation position on the analysis.
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8 Some implementation notes

Evaluation of the cost function and its gradient

The background contribution to the cost function reads
) 0 2(N1N,-1
Jp=2",dpJ; dg § ~ apAg BTV wagf (8.1)

where the integral has been approximated by the sum over the gridded potential fields normalized with the

integration weight ApAq = (N;N,4%)~1, A being the 2DVAR grid size in position space.
The following points must be noted:

= [t is not necessary to use a higher order approximation for the integral like Simpson’s rule, because the

Fourier transforms are evaluated at the same order.

= Since the observation part of the cost function is evaluated in position space, the integration weight in (8.1)
must be included. Otherwise, the two components of the cost function differ in normalization and can not

be added to yield the total cost.

= The control vector weights in (8.1) reflect the fact that the potential fields are Hermitian. They should be
applied not only to J,, but also to its gradient V], and to the gradient of the observation cost, VJ,. This is

because the potential fields due to the observations are also Hermitian.

= The present implementation of 2DVAR uses complex matrices of dimension N; X N, in the frequency
domain and a complex-to-complex FFT routine. Since the potential fields are Hermitian, it is not necessary
to calculate the transformation and the convolution (or their adjoints) for all indices i; = 1,---, N; and i, =
1,---, N,. It would be sufficient to take only the independent components into account. A simple method
with slight overhead would be to limit the index i, to non-negative frequencies only, i, = 1,---, k, with

k, ==N, + 1. Such an adaptation in combination with a real-to-real FFT routine would increase the

2
computational efficiency of 2DV AR — at the cost of more complicated code. Since 2DV AR in its present

form is fast enough to meet all operational requirements so far, this adaptation has low priority.

The backward FFT in genscat support is defined as (see appendix A)

1 z:N1—1 Ny—1 ~ —27ti(k—m+1i]—2)

— N
Uk, = NN, m=0 Zin=0 Umn€ 1 ) (8.2)

i.e., including a normalization factor (N;N,)~ ! and therefore assuming unity grid size. The adjoint of (8.2) is
simply the forward FFT and should contain the proper normalization factor A%, with A the 2DVAR grid size.
Because the factor (N;N,) ™1 is included in the lowest level FFT routine, the adjoint inverse FFT routine in
genscat still contains the normalization factor (N; N,) ™1 if it is defined as the complex conjugate of the inverse
FFT.
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* In order to avoid confusion regarding the normalizations in the forward and inverse FFT routines, it is

better to use a forward FFT routine rather than an adjoint inverse routine in 2DVAR.

Initial minimization step size

The minimization is performed by routine LBFGS [Liu and Nocedal, 1989]. The size of the first step is
estimated in the original routine as 1/|g(0)|, where g(0) is the gradient at the initial point & = 0. This step
size may be much too small for 2DV AR, causing the minimization procedure to get stuck at the first point. It
is shown in appendix H that for the 2DV AR problem a better first step size is given by £(0)/|g(0)|, with £(0)

the value of the cost function at the initial point.

In practice, a first step size of 30f(0)/|g(0)| leads to some improvement, because on average less function

evaluations are needed to find the minimum.
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9 Resume

The relevant formulas for 2DVAR are collected in this paragraph. The analysis wind field is found by
minimizing a cost function J(§) expressed in terms of the so-called preconditioned control vector § which is
expressed in terms of the normalized potential fields in the frequency domain. If §x stands for the control
vector in terms of the analysis increments in the spatial domain, it is related to § by the unconditioning
transformation

Sx=UE | ©.1)

The cost function is given by

J=lb+Jo 9.2)

with the background term J;, expressed in terms of the normalized potential fields in the frequency domain as
2(NyNp—1

Jo = T8V wigie 9.3)

where the index A runs over all independent potential field components, and the weights w are determined by
the fact that the potential fields are Hermitian on one hand, and the properties of the FFT algorithm on the

other. The observation term J, in terms of the analysis increments in the spatial domain reads

Nops ;—1
Jo =N P, (9.4a)
8t -6t ’ 8T —81) ’ P
Js = I;:I;nl (( = 'k) +( 7 ’k) —2Inp, , (9.4b)

where the analysis increments §%,,, and 81,,, are interpolated from the 2DVAR analysis grid to the position of
observation m. In (9.4) we have p = 4 and & = ¢ = 1.8m/s. Note that t stands for the transversal wind

component in the 2DV AR batch grid and [ for the longitudinal one.

The contribution of the background term to componentA of the cost function gradient reads
Vipla =2w3§2 - 9.5)

The derivatives of the observation part of the cost function in the positional domain read

1
3o _9Jo dJs _ 1,717y ay;
06Ty 0J508Em  p°S 08Ty, (9.6a)
o _09Jo 0)s _ =1 ,-1-1/p 0Js
280, 0),900m P55ty (9.6b)
with
_ (0) 2 _ (0) 2 -p-1 B ©
) _ oMy [(BEm=Sti)  (SEmdtmi) 2(8Em-5t50),)
88E, =D Ek:l ( 8? + 512 21In Pk —8% , (973)
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© s V2 (s7 (0 )2 Pl s ©
s _ _ Mm (stm-5tl))  (6Tm—51i) _ 2(8Tm—615%)
L. = ka:1< = + 7 2InP, — (9.7b)

As stated before, the spatial domain and the frequency domain are connected by the unconditioning
transformation (9.1). The gradient of the observation part of the cost function in the frequency domain is given
by

Vf]o = U*Vx]o , (9'8)

where U™ is the adjoint of U (i.e., the complex conjugate of its transpose) and the gradient vector V,.J, has the

derivatives (9.6) as its components, the subscripts of the gradient operators indicating the domain.

The unconditioning transformation consists of three parts,

_ pl/2gp-1
U= B)?@HF , 9.9

with F~1 the inverse Fourier transform, H the Helmholz transformation operator, and B)l?/ 1% the square root of

the factorized background error covariance matrix expressed in terms of stream function and wind potential in

wavenumber Space.

The discrete inverse Fourier transform reads

_ 1 Ni—1wNy—1 2 —Zni(’;—mﬂi]—n)
tk,l - NlNZAZ Zm:() n=0 tm,TLe 1 2 ’ (9103)
(km  In
_ 1 Ni—1oNy—11% =27\ ——++—
bkt = §ov,a2 Zm=0 ZnZo lmn€ (i) (9-10b)

where 4 is the size of the spatial grid that has dimensions N; X N,.

The Helmholz transformation is given by

tE=hg—hy , (9,11a)
I=hp+h) (9.11b)
with
hy(p) = —2mip (9.12a)
h,(q) = —2miq . (9.12b)
The normalization reads
1
%g(p,q) = [dxdy fo(x, y)e?mipxtan)]z (9.13a)
1
22 (0,q) = [dxdy fy(x, y)e?mi®x+an]z (9.13b)
The error correlation functions in the spatial domain are defined as a function of r = \/x2 + y? as
r2
Rz
fo) = A =v)ViLZe " (9.14a)
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£ (r) = vV 1%e /R (9.14b)

where V; and V; stand for the variance of the error in [ and t, respectively, and v for the ratio of the rotational
and the divergent contribution to the wind field. The length scales Ry, and R, determine the extent of the error

correlations, and the scaling parameters Ly, and L, for the transformation of the error variances from the
potential domain to the wind domain are defined as

2fy (1) 2 2fy (1)
[ = - 2= : :
P V2 £y (1) o X V2 fy (1) o (9.15)

For Gaussian error covariances the normalizations can be calculated analytically.
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10 Flow dependent background errors

In the preceding chapters it was assumed that the background error covariance matrix B (or, more precisely,
its inverse) was a function of the distance between two points only, and that the background error variances
were constant within a batch. It will now first be shown that this considerably simplifies evaluation of the
background cost function when transformed to wavenumber space. If the background errors are flow
dependent, they are no longer constant but depend on position. It will be shown that this can easily be

incorporated in the current 2DVAR scheme.

General case

In position space, the background cost function can be written in continuous representation as (c.f. equation

(2.10))
Jp = [dx [dx' §*(x)B~(x,x)6(x) (10.1)

where x = (x,y), x" = (x',y"), and § stands for du or §v. This is the usual expression for a scalar product in
Hilbert space. The star indicating complex conjugation could be omitted in (10.1) since & is a real vector.
However, it is useful to keep it as a reminder for the case § is Fourier transformed. Transforming to

wavenumber space, the cost function reads
]b — J'dxfdx' fdpezmp-xé-"*(p)qufdq’e—Zniq-xe—Zm'q,-x,E—l(q’q’) X
x [dp e ?™P X §(p) . (10.2)

Rearranging terms yields

Jy=Jdp[dqfdq [dp 8 @B (q.q)5(@) [ dxe @ P* [dx e2m@rarx  (103)
The integrals over position yield delta functions, so
Jo=[dp[dp'§"®)B(»,—p)S(-p) . (10.4)

Since B and § are real functions in position space, their Fourier transforms are symmetric in their arguments,

and therefore
Jo=[dp[dp' 8B (p,p)6®) . (10.5)

Now the evaluation of J, in wavenumber space requires as many integrations as in position space, so

transformation to wavenumber space yields no gain in efficiency for evaluating J,.

Constant background errors

In the preceding chapter it was assumed that the background error variances were constant (at least within a
batch), and that the background error correlation was a function of distance. This can be expressed as B~1 =
B~ '(x — x), so

Jp = [dx [dx' §*(x)B~ (x — x)§(x) , (10.6)
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Taking Fourier transforms, one arrives at
Jp=[dx [dx" [dpe*™P*8"(p)[dqe=2ma*)B~1(q) [dp'e 2P *5(p) . (10.7)
Rearranging terms yields
Jo=[dp[dq[dp'§ @B (@SP) [ dxe M P=D* [dx’ ememilaprx (10.8)
The integrals over x and x’ give delta functions §(p — q) and §(q — p"), respectively, so
Jp=[dp8 @B @)S®) - (10.9)

Note that evaluation of J, in wavenumber space now requires a single two-dimensional integration, whereas
its evaluation in position space according to (10.6) requires a double two-dimensional integral. Therefore Jj, is
calculated much more efficient in wavenumber space than in position space if the background error variances
are constant and the background error correlations are a function of distance only. In fact, the number of
integrations could be reduced even further when going to polar coordinates, since actually B™! =
B‘1(|x - x’|). This, however, would lead to some implementational problems since the FFT algorithm used

for the Fourier transforms is restricted to Cartesian coordinates.

Flow dependent background errors

The case of flow dependent background errors (background errors that vary with position) while the
background error correlation is a function of distance (so the shape of the background error covariance is
constant) is in fact quite simple. The background covariance matrix can be factored as B(x,x") = Z(x)I'(x —

x)X(x"), see (3.13). Since B is symmetric in its arguments, one can write

B l(x,x)=B'(x,x) =2 Y(x)r *(x—x)21(x) . (10.10)
Substituting this in (10.1) yields

Jp=[dx[dx' §* () E () (x —x)E 1 (x)d(x) . (10.11)
Putting 4(x) = Z71(x)8(x), so 4*(x) = (271 (x)5(x))* = §*(x)Z~1(x) since X is real, and substituting in
(10.11) results in

Jp = [dx [dx A" () (x — x)A(x) . (10.12)
This is the same as (10.6) with § - 4 and B — I'. Repeating the Fourier transformations (10.7) and (10.8)

immediately yields the final result
Jp=[dp @I @A®P) . (10.13)

This shows that implementation of position dependent background errors in 2DVAR is very simple: the
background covariance matrix must be replaced by the background error correlation matrix, and the velocity

increments must be multiplied by the standard deviation of the background error.
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Flow dependent background errors may be obtained from the ECMWF Ensemble Data Assimilation system

[Bonavita et al., 2012] or from the scatterometer data itself using MLE and singularity exponents [Lin et al.,

2016].
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Appendix A Fourier transformation

Continuous case

Suppose the two-dimensional surface wind field v in the spatial domain is a continuous function of the
horizontal coordinates x andy, v = (u(x,y), v(x,y)). Define the Fourier transforms @ and ¥ according to

[Press et al., 1988]
a(p,q) = Flul(p,q) = dxdy u(x,y)e?™®*+an) (A.la)
0(p,q) = F[v](p,q) = dxdy v(x,y)e*™®x+a) (A.1b)

with pand gspatial frequencies, and the integration extending over the whole real axis. The hats indicate
functions that are defined in the frequency domain; the square brackets indicate the argument of an operator.
Note that pand qare spatial frequencies and not spatial wave numbers, because of the definition of the

exponential in the Fourier transform. The inverse transform reads
u(x,y) = F[](x, ) = dpdq A(p, q)e M ®¥+an) (A.2a)
v(x,y) = F7'[0](x,y) = dpdq D(p,q)e ™®**") (A.2b)
This can be easily shown by substituting (A.1a) in (A.2a) and (A.1b) in (A.2b) and using
[dp e2™Px=%) = §(x —x) (A.3)

the function on the right-hand side of (A.3) being the Dirac delta function. Note that no normalization constant

is involved, because it is included as the factor 2min the exponentials.

Discrete case

The discrete 2D Fourier transform on a position grid with grid size Areads (see, e.g., Press et al, [1988])

km  In

N 1y N- 2mi(24
Unn = 42 Z%:ol {V=01 Ug,1€ m(M N) , (A4)

where uy; = u(xy,y;) with x, = kA and y; = A, k running from 0 to N — 1 and [ from 0 to M — 1. The
summation in the right-hand side of (A4) is performed by a FFT algorithm. The normalization factor A% has

to be added explicitly in the 2DV AR software.

The inverse discrete 2D Fourier transform reads

1 Nel .~ —Zﬂi(km ln)

_ M-1 —
Upe = 50 Xm=0 Ln=0 Umne ~ M N (A.5)

which is shown easily to hold by substitution of (A.4) in (A.5) or vice versa. As with the forward transform,
the normalization factor in front of the summation is not set by the FFT algorithm, so it has to be included
explicitly in the 2DVAR code.

Note that the normalization factor of the forward discrete transform equals the product of the grid sizes in the

spatial domain, 42 = A x4y, while the normalization factor of the inverse discrete transform equals the product
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of the grid sizes in the frequency domain, (NA)~1(MA4)~! = ApAq. With these definitions, the summations
are easily recognized as the corresponding integrals evaluated with the simple first-order formula (left Riemann

sum)
b -
Jodx fOx) = A%Z0 f(xn) (A.6)
with xg = a, xy = b, and

b—-a
A=— . (A.7)
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Appendix B Helmholtz transtformation

Continuous boundary conditions

The operator H = (H,, H;) is in the spatial domain defined as

d P(x,

u(x,y) = Hy[x, ¥](x,y) = 22 - Il’gy) , (B.1a)
d 0P(x,

v(x,y) = H: [, P1(x,y) = "(”)+ 2 (B.1b)

with y the velocity potential and 1 the stream function. The inverse operator H™* = (Hy1, H; 1) satisfies

x(x,y) = H ' [w,v](x,y) (B.2a)
Y(x,y) = Hy u,v](x,y) . (B.2b)

The explicit form of the operator and its inverse is more easily evaluated in the frequency domain., especially

for numerical applications.
From (B.2a) and (A.2a) it follows that
u(x,y) = H [0, 91, y) = Hy [FH 2L F[]] (o y) =

_ P R(y)  oF Y ](ny)
T ox ay

= % dpdq y(p, q)e—zm(px+qy) — % dpdq IIA)(P. q)e—Zm'(px+qy)

Note that the arguments of the functions in the frequency domain have been omitted at some places to keep
the equations readable. The order of differentiation and integration may be interchanged for well behaving

functions, so
u(x,y) = dpdq (—2mip)7(p, q)e2™®x+a¥) — dpdq (—2mig)P(p, @)e 2m@x+ay) =
= dpdq hy(p, )A (P, Qe 2™ P+ D) — dpdq h,(p, Q)P (p, q)e 2mP¥+a) =
= F ' [h R0 y) = F ) ()
with

h(p,q) = —2mip

hy(p,q) = —2miq . (B.3)
From the previous equations one finds in the spatial domain, dropping the arguments of all functions
Hy[F7 2L F 1] = F~[haf] — F [hodp] (B.4)

In the same way one obtains

v(x,y) = Hy L0 1Cey) = Hy [FHR1L FA ]| G y) =
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_OF ' [{](x,y) N OF p](x,y)
B dy 0x B

0 , 9 ~ ’
= @ dpdq $(p, q)e2miwx+ay) 4 o dpdq P (p, q)e 2mPx+ay) =

= dpdq (=2miq)j(p, @)e~*™®**) + dpdq (—2mip)P(p, q)e > ¥+ =
= dpdq hy(p, )R (p, @)e > P**9) + dpdq hy (p, PP (p, Qe P¥+) =
= F ' [ 2](x,¥) + F [y ] (%, ¥)
So, again dropping the arguments of the functions
Hy[F~' IR FH[1] = F~* A ] + F [1ad] (B.5)
In what follows the function arguments are dropped when possible. For functions in the spatial domain the
arguments are assumed to be (x, ), and for functions in the frequency domain (p, q), unless explicitly stated
otherwise.
Using the fact that the inverse Fourier operator is linear, (B.4) can be cast into the form
u = F [ g — hyp]
Applying a Fourier transformation to both sides yields in the frequency domain
U=hg—hy . (B.6a)
Along the same lines one obtains
D=hp+h . (B.6b)
Equation (B.6) shows that the Helmholtz operator is a simple linear transformation in the frequency domain.

Its inverse is easily found by solving (B.6) for ¥ and . This yields

P=h +h, O , (B.7a)

p=—hy a+h 0, (B.7b)
with

b (.0 = g (B.8a)

by (.0) = g - (B.8b)

These equations are easily discretized for application on the 2DVAR grid.

Periodic boundary conditions

De Vries et al. derive the Helmholtz transformation equations on a discrete grid, since in 2DVAR the wind
speed components and the potentials are evaluated on discrete grids. Their derivation is repeated below, and

their results differ from those obtained in the preceding paragraph. This is because they implicitly assume
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The EUMETSAT

periodic boundary conditions: the equations are discretized and evaluated on a finite grid, whereas in the

previous paragraph the equations were evaluated in infinite space and discretized afterwards.

The forward Helmholtz transformation in the formulation of De Vries et al. reads

_ox _9
uk'l = 9x Kl ay " , (B9a)
=% Lo (B.9b)

)

Ve =5
kL™ ay ki 9%l

with the subscripts k, [ indicating that the quantity is to be evaluated at the grid point with indices k, . On a

discrete grid, the derivatives of a function fwith respect to x and y reads [Abramowitz and Stegun, 1970,

25.3.21]
| _ frrri—fr-11 |  _ frri—fii-1 (B.10)
Oxlp 24 Tyl 24 ! ’

where 4 is the grid size which is assumed the same in both directions. Substitution of (B.10) in (B.9a) and

replacing all quantities by their discrete inverse Fourier transforms yields

(km  In
1 yM-1yN-15 e_zm(WJ’N) _
MNA42 &4m=04n=0 *mn -
1|1 yM-1yN-1,p e—zm(@#ﬁ)_ 1 vM-1vN-1 5 e—2ni(—(k'ﬂ/11)m+%1) N
- 2A | MN A2 m=0 &n=0 Xm'n MNA?2 m=0 &n=0 Xm,n
AL s e ) s () g
24 [ MN a2 4M=0£m=0 ¥mn MN Az &4m=0 Zn=0 ¥mn . .

The normalization factors of the discrete inverse Fourier transform cancel. The exponentials at the right-hand
side of (B.11) can be expanded to yield

.(km In
M-1YyN-1 5 —2mi|\ o+~ )
m=0 2n=0 Umne (M N) =

(km  In .m (km In .m
1 M—-1<vN-1 » =27\ —+—) 2mi— M—-1vN-1 3 —2mi\ —+—) —2mi—
Z[ m=02n=0 Xmn€ (M N) e M — 2m=02n=0 Xmn€ (M N)e M|+
(km  In N (km  In .n
1 M-1<vN-1.7 —2mi\ —+—) 2mi— M-1YN-1.7, —2mi( —+—) —2mi—
_Z[ m=0 Zn=0 Ymn€ (M N)e N = 2im=0 2in=0 Ymn® (M N)e N (B.12)
This can be simplified to
(km In (km In
M—-1YN-1 -~ —2mi(—+—) _ vM-1VN-1 , 27| —+—
Z0 Xn=0 Umne i) = m=0 2n=0 € Ge+v) x
. e—zm%_ezm% . e—Zm’%_me’% B.13
Xmn 24 lpm,n 24 : ( . )

This should hold for all m and n, so the summations and the common phase factor can be dropped. This results
in
b (B.14)

Unn = UmXmn — an/)m,n

with
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Uy, = i(e_zni% - ezm%) = ;—jsin (Zn %) , (B.15a)
v, = i(e—zm% — ezm%) = ;—jsin (Zn%) : (B.15b)

In the same way, (B.9b) and (B.10) yield

km In
1 M-1yN-15 2m(—+—) _
MNA2z2 &4m=04n=0 *mn -

km (l+41)n km (I-1)n
Z Z —27'[( +( ) )_ 1 M—-1vN-1 Zm(—+( ) ) +
24 MNA2 n= Oan MNA2 &4m=0 Ln= 0 Xmn€
k+1)ym In k—-1)m In
2l _ymM-1yN-1.5 2w (( e ) — L _ymM-1yn-17 ‘2’”(( 7 ) (B.16)
24 | MNaz &m=0 4n=0 ¥mn MNAZ ~4m=0 Zn=0 ¥mn .

This can be written as

In

M;%) Zﬁ (}ﬁmne Zﬂl(k ) Z Zﬁ;& ZTL'L(kM +N) %
i [)Zm,n (e—Zni% 2miy ) + lpmn ( Zni% _ eZm’%)] . (B.17)
This simplifies to

Umn = Vndmn + .uml»b’\m,n , (B.18)

with p and v given by (B.15).

Comparison

Figure B.1 shows the Helmholtz transformation coefficients h; on the 2DV AR spatial frequency grid for the
continuous boundary conditions (blue curve) and the periodic boundary conditions (red curve, with h; = p).
The dots indicate the spatial frequency grid points. Figure B.1 shows that the two boundary conditions yield
very similar transformation coefficients for low spatial frequencies (p = 0), but differences arise at higher
frequencies. With periodic boundary conditions the transformation coefficients go to zero at high (positive and
negative) frequencies, whereas the coefficients with continuous boundary conditions reach their extreme value
there. The effect of the periodic boundary conditions is similar to that of applying a filter like the Hanning
filter in an FFT operation: the spectrum is forced to zero at the ends of the interval. Since the background
contribution to the cost function is calculated in the frequency domain, one may expect that the periodic
boundary conditions yield smaller values than the continuous ones. This is indeed the case: in a single
observation test the background contribution to the cost function at the solution is about 20% smaller when

using periodic boundary conditions compared to the continuous boundary conditions.

Default 2DV AR uses the continuous boundary conditions. This is equivalent to taking a Fourier transform.
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Figure B.1 Helmbholtz transformation coefficients on the 2DV AR spatial frequency grid for the continuous boundary
conditions (blue) and the discrete boundary conditions (red).
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Appendix C Helmholtz transformation in
three dimensions

In three dimensions, any vector field V = (u, v, w) can be written as the sum of the gradient of a scalar potential

X and the rotation of a vector potential ¥ = (¥, ¥, ¥,) as
V=Vy+V xy . (C.1)

Written out in Cartesian components, the terms in the right-hand side of (A.1) read

L5 0 5 0, 4 0x

Vy =ée, o T €y 3y te, 5 (C.2a)
A 0%y al.uz] ~ [awz awx] ~ [0%, 6wy]

Vx¥Y=e, P 3y +ée, o P +e, oy o , (C.2b)

with éx,éy, and &, the unit vectors in the x-, y-, and z-direction, respectively.

In two dimensions, all z-components vanish. Moreover, the potentials no longer depend on z, so all derivatives

to z vanish. As a result

~ 0 ~ 0
Vxl, = exﬁ + ey£ , (C.3a)
~ oy, ~ [0¥,
VX P, = e, [—W]+ey ) (C.3b)

with the subscript 2 indicating the transition to two dimensions. Note that only ¥, contributes to the vector
field. Renaming it to 1, dropping the subscript, and replacing the general vector field V by the two-dimensional
wind field (u, v), one obtains from (C.1) and (C.3)

N =X, %
U= Ty v_6y+6x . (C4)

For a wind field, y is referred to as the velocity potential and i as the stream function.
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Appendix D Adjoint model

Suppose we have a cost function J defined in the spatial domain as a function of a positional increment control
vector x as /] = J(x). Similarly, it can be defined in the frequency domain as a function of a spectral increment
control vector & as | = J(&). The two representations are connected by the unconditioning transformation

Uaccording to x = U¢&. Note that in the main text the positional increment control vector is denoted as dx.

The sensitivity of the cost function to changes in x can be studied by expanding it in a Taylor series around a
point x, and omitting terms of the second and higher order [Errico,1997; Giering and Kaminski, 1998]

J(x) =] (x0) +dJ , (D.1)
with

dj=VJ] - (x—x9)=VJ -dx . (D.2)
This is a scalar product, so (D.2) can be written as

d =(VJ,dx) = (W], Ud§) , (D.3)

assuming that dx = Ud¢.

Now the adjoint of U is defined as the operator U* that satisfies

(%1, Uxy) =(U"xq,x5) (D.4)
for all x; and x,. In a finite dimensional space, which is the case for the control space (i.e., the space in which
the control vectors are defined), the adjoint equals the complex conjugate of the transpose,

Ur=0T . (D.5)
Applying this to (D.4) yields

dj =(U"V,J,d§) . (D.6)
This can be recognized as the scalar product in the frequency domain. with U*V,J the gradient of J in the
frequency domain. Therefore

Ve] =UV,J . (D.7)
This gives the relation between the gradients of the cost function in both representations. The gradient of the

observation term in the 2DV AR cost function is evaluated in the spatial domain, and can be transformed to the

frequency domain using (D.7). Note that the cost function is invariant under change of domain.

In chapter 3, equation (3.17) it was shown that the unconditioning transformation reads

_ p-1gpl/2
U=F HB)?@ (D.8)
From the definition of the adjoint it follows that
v (1 pl/2Y _ (01/2\ pgrro—1y#
U _(F HB)?@) —(B)?_J)) H*(F~1)* . (D.9)
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The inverse Fourier transform is defined in appendix A. It is easily shown that (F~1)* = F. The Helmholtz
transformation involves multiplication of the spectra components with an imaginary factor, which changes
sign in the adjoint case. The normalization involves multiplication with a real factor. With this, (D.9) can be

written as

VZgep-1o (D.10)

U=B33

Adjoint of the Helmholz transformation

The adjoint of the Helmholz transformation in Fourier space, H*, can be found from (3.6) by writing it as

£\ _ )2)__ (P —q ()()
(Z)—H(J) = Zm(q p) ) (D.11)
omitting the arguments of the velocities and the potentials. From (D.11) it easily follows that
« _o (P 4
H* = 2mi (_q p) . (D.12)
The adjoint transformation reads
d)?) (df)
~)=H"(":] , D.13
(dl,b dl ( )
or expanded in components
dj = 2mipdt + 2miqdl (D.14a)
dy) = —2miqdt + 2mipdl . (D.14b)
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Appendix E Single Observation Analysis

Basic principles
Suppose the observation increment is denoted by o, the background increment by b, and the analysis increment

by a. The cost function can be written as

(0-a)? | (b-a)?
Je=Jo+)y ="+ (E1)

]

where &, stands for the standard deviation of the observation error and egthat of the background error. Equation
(E.1) is at a higher level of abstraction than the remainder of this report, but that simplifies the derivation. The
optimal analysis is obtained by minimizing the total cost function with respect to the analysis. At the optimal

analysis increment the derivative of the total cost function should be zero,

0Jt _ 2(0—a) | 2(b—a) _ eho+edb—(ei+ed)a _
a= g tog =2 e =0 . (E.2)
This is satisfied for
_ s§o+£(2)b . (E 3)

2 2
€O+EB

The optimal analysis increment is just the weighted average of the observation and the background increments.

. . . 1
For e5 = ¢, the single observation solution reduces to a = 3 (o —b).

Starting with zero background and analysis increments, the only contribution to the initial cost function is from

the observation part, so it reads
]ini _]ini _ ﬁ (E 4)
t —Jo — 8(2) . .

At the optimal analysis increment it reads (substitute (E.3) into (E.1))

fin _ (0—a)* | (b—a)* _ (0-b)?
t & + e eh+er (E.5)

The initial gradient reads

VM= =3 (E.6)
o
The total gradient at the optimal analysis, V]; = V]Oin +V] gin equals zero, so V]gin = —V]gin, and
therefore
. fin 2 .
fm _ a]t _ i (O—b) _ 2(0—1)) _ fLTl
Vio™ = do o sé+e§] T oed+el Vis ) (E.7)

Since in the incremental approach o — b = o, (E.6) and (E.7) can be combined into

-20 _ -&

. .. s .
Vg = Vit = VI (ES)

2 2 T2 2
Eotép Eotép

55




The EUMETSAT DocID : NWPSAF-KN-TR-004

Network o
sateliite Application

NWP SAF | Two-dimensional variational |Version :1.8
Numerical Weather Prediction . . Date : 01-06-2022
ambiguity removal (2DVAR)

where has been used that (E.6) is equivalent to 0 = %5(2) VJi. Equation (E.8) relates the gradient in the final
background cost to that of the initial observation cost. According to (3.18) - (3.20), the gradient in the final
background cost is directly related to the analysis wind components ™ (p, q) and ¥ (p, q), because in
terms of the control vector § one has Jp = § - &, so VVJg = 2&. This holds during the whole minimisation
procedure, so it also holds for the final cost function gradient, V] g m 2&f With the help of (E.8), the final
control vector € i.e., the final values of )™ (p, q) and ¥ (p, q), can be related to the initial observation

cost function.

An analytic expression of the single observation analysis can be obtained from the following steps:

e Start with the gradient of the initial observation cost function;

e Transform this to the normalized stream function and velocity potential in the spatial frequency domain

;{%H*F_l as given by (4.5) and (D.10);

e Apply relation (E.8) to write this in terms of the final analysis stream function and velocity potential;
1/2

e Transform this to the analysis wind field with the unconditioning transformation (3.17), U = F~'H B)A“Tj.

using the adjoint of the unconditioning transformation U* = B

Analytic expression for Gaussian structure functions

Suppose a single wind vector observation (t,, l) is available at the point (x,y) = (0,0). The components of
the gradient of the observational part of the cost function, denoted as dt, and dl,, can be obtained from (4.10)
(or (E.6)) as

ajint 2 ajimt 21
dto(x,y) === -226(x,y) , dlp(xy) =22 = -28(xy) (E.9)

& a5l &}

with §(x, y) the Dirac delta function in two-dimensional position and €, = &; = ¢; the standard deviation of
the error in the observed wind speed components. The gradient has to be taken with respect to the observation
increments &t and §1. The delta function appears because the gradient is zero everywhere except at (0,0) where
the observation is located. In this representation, the observation wind field is considered as a function in two-
dimensional position space rather than a discrete function on a two-dimensional grid. The notation dtyand dl,

is introduced to simplify the notation and to keep in line with the 2DV AR code in genscat.

Adjoint unconditioning transformation
The components of the observation cost function gradient in spatial frequency space, dii, and d?,, are found
by applying the adjoint of the inverse Fourier transformation. This just equals the forward Fourier

transformation (A.1). Due to the delta function, the integrals are easily evaluated, yielding

dilo(p,q) = — dxdy 1—’;;;’6@, y)erix+ay) = —2— , (E.10a)
d,(p, q) = — dxdy i—g’ax, y)e2mi(Prtay) = —% (E.10b)

Note that the cost function gradient in the spatial frequency domain is constant.
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The next step is to apply the adjoint of the forward Helmholtz transformation (3.6) to get the gradient

components of the stream function and the velocity potential d, and df, as
~ . N . 4mi
dipo(p,q) = 2mi[—qdily(p, q) + pdPo (P, )] = —gig(lop —tq) (E.11a)
o T N 4mi
dio(P.q) = 2milpdilo(p, @) + adPo(, )] = = (top + loq) - (E.11b)

To arrive at the gradient components of the normalized stream function and the normalized velocity potential,

one must multiply with the adjoint of the background error covariance matrix in the spatial frequency domain,
pl/2

w 5 an nd BM These are real quantities given by (6.7). Setting R = Ry, = R,, and &g = & = &; one readily
finds

1
dps” . q) = —47”',/%(1 — V)R (o ~ toq)e 2" K PHE) (E.12a)

1
dis (p,q) = —4mi /%vzz—gRZ(top +lpg)e TR P (E.12b)

From observation gradient to analysis

Now the results of chapter 7 can be applied to calculate the analysis. According to (E.8) and the discussion

following it
§=-V[" = ——ed(3+ep)TvI (E.13)

which translates into

P, q) = —;e LAy @.0) (E.14a)
2
AP0 =575 d ) (E.14b)

From (E.14) and (E.12) one readily finds

o . _1 2p20,2. 2

P9 = 27t |50 =v) Z R Uop — e T (E.159)
1

27 (.4) = 2mi T2 22 R (top + loe P (E.15b)

Now it is possible to transform (E.15a-b) back to the spatial domain.

Unconditioning transformation

Multiplying (E.15) with the background error covariance matrix in the spatial frequency domain, B@ B and
B}f , yields

D(p,q) = in? R*(1 —v2)(lop — toq)e ™ R*®*+a*) (E.16a)

2+2

2(p.q) = in RYW2(top + lpq)e ™ RE@*+a) (E.16b)

2+2
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again setting R = Ry, = R, and &g = & = &;.
Application of the forward Helmholtz transformation (3.6) results in
t(p,q) = 2m° ggié R*[pv2(top + Loq) — q(1 = v2)(lop — toq)] ™ R ®*+a) (E.17a)
I(p,9) = 21 5% R*1qv2(top + lo@) + P(1 = v?)(lop — toq)] e F 40 (E.17b)
This can be written as
t(p,q) = 2m® gé‘ié R*[v2tep? + (2v2 — Dippqg + (1 — v2)tyq?] e ™R @*+a®) (E.18a)
l(p,q) = 2713%?‘[(1 —v2)op? + (2v2 — Dtypq + vilyq?] e ™R @ +a®) (E.18b)

Inverse Fourier transformation (A.2) finally yields

2 3 2R4

t(x; Y) = ;;ii‘lz; [Vztolpp(x: Y a) + (sz - 1)l01pq(x: Y a) + (1 - Vz)toqu(x: Y a)] , (E.19a)
27T3£§R4 2 2 2

I(x,y) = [(1 = vD)loLyy (x,y5 @) + (2v2 — Dtolyg(x,v;a) + v21oleq(x,y;a)] ,  (E.19b)

2 2
€O+EB

where a = m?R? and the integrals are defined as

Lp(y;a) = [~ dp [~ dq ple @@ +a)e-2mikx+ay) (E.20a)
Lg(r,y;a) = [~ dp [~ dq pge @@ +a)e-2mibxtay) (E.20b)
lggGeyia) = [~ dp [© dq qPe o +a)e 2milpx+an) (E.20c)

These integrals are calculated in Appendix G. With a = m2R? one obtains from (G.16)

_x%+y?

1 x? 1
Ipp(x,y; a) :W[—R—Z-FE] e R? , (EZIa)
x24y2
-1 xy -
Ipq(x, y;a) = —rigz R? , (E.21b)
2 2
1 y2 1] A
Iy )= |-5+3] e r (E21c)

This immediately yields the final result for the single observation analysis

€& 2x2 xy 2y2 _x4y?

() = o Vot (1-55) - @2 = 2)le 2+ (1= vt (1-25)] e7 7, (E.22a)
2 252 22 _X2+y2

6y) = 52 [a-v)1 (1-25) - @v? - Dt 2 +v2 (1-2)] e 77 (E.22b)

Remember that we started with the observation (t,, ) at the origin. However, if the observation is at some
other location, the analytical expression for the single observation analysis is easily obtained from (E.22) by a

shift in coordinates.

58




The EUMETSAT DocID : NWPSAF-KN-TR-004

ietwork of

NWP SAF | Two-dimensional variational | Version :18
Numerical Weather Prediction . . Date 1 01-06-2022
ambiguity removal (2DVAR)

Special values

For x = y = 0 equation (E.22) reduces to

2 2
t(0,0)=gf:fgét0 , l(0,0)=g;f£él0 . (E.23)

This is the weighted average of observation and the background. If e — 0, i.e., if the background is free of
errors, the analysis increment vanishes. Since the analysis is defined as the “true” wind field minus the
background, this implies that the true wind field equals the background — which should be the case if the

background is free of errors.

If, on the other hand, 5 = o, i.e., if the background is completely unreliable and contains no information, the
analysis increment gets its maximum value and is determined by the observation — the only information source

at hand.

If & = £, equation (E.23) yields £(0,0) = > to and 1(0,0) = 21,

General single observation analysis

In the general case, i.e., for non-Gaussian background error covariances, one can start from (E.11a-b) and
1/2

multiply with the adjoint of the background error covariance matrix in the spatial frequency domain, BA ~ and
A/A to obtain

dps” . q) = ——(lop —to@)By; (E.24a)

Az’ v, q) = ——(top + LBy (E.24b)

where again the fact has been used that the background error covariances are real, thus self-adjoint. Applying

(E.14) to write (E.24) in terms of the analysis yields

™ (p,q) = %(lop DB (E.252)

RO = g1z (top + @By (E.25b)
Multiplying (E.25) with the background error covariance matrix in the spatial frequency domain, B@/@ and

1/2 , and writing fw = By, fX = By yields

P(.0) = 1 (op ~ D fy(@.0) (E.260)

1@.q) = 3;’; (top + L) . 0) - (E.26b)
Applying the forward Helmholz transformation (3.6) gives

tpa) = g = [top? + lopa) f (P @) — (lopd — 604Dy 0 @)] (E.27a)

o) =72 2T [(topa + loaD) fy (0. @) + (op? — top@)fy (0. @) - (E.27b)
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The analysis wind fields are obtained by applying the inverse Fourier transformation (A.2) to (E.27)

t(x,y) = —2m@ra) [ (top? + Lpq) (0, @) — (lopq — t0q®) fp(®. @)] (E.28a)

l(x,y) =

THEa) [(topq + g™ f (P, @) + (Lop® — top) fy (P, )] . (E.28b)
The integrals in (E.28) can be evaluated by noting that

O = L [ dpe=2m#¥ f (p) = - 2mi [ dpe 2P pf(p) (E.29)
from which it follows that

fdpe—Znipxpf(p) N AC)] ] (E.30)

2m dx

Applying (E.30) to (E.28) finally yields

-1 2 (xy) | 0%fy(xy) 2 frr(x,y) _ 2 fyp(xy)

tlxy) = e3+e3 [ 0( 0x? + dy? ) +lo ( 0xdy oxdy )] ’ (E.31a)
-1 2 f(xy) | 0% fy(xy) % fr(x,) _ % fyp(xy)

G, y) = e3+e3 [lo ( dy? + 0x2 ) t o ( dx0y 0xdy )] ) (E.31b)

Equation (E.31) shows that the single observation analysis is determined by the double derivatives of the
background error covariances (which are defined in the spatial potential domain), rather than their values. For
Gaussian error covariances the spatial extent of the single observation analysis is of the same order of

magnitude as that of the background error correlations, but in general this needs not be the case.

Finally, substituting (6.1) into (E.31) yields (E.22). Starting from (6.1a-b) with Ry, = R,, = R, V; =V, = e,
and Ly, = L3 = 2 R? one finds
2

r2 r2

fo(r) = %(1 —v¥)egR%e R, f,(r) = —v 2¢2R%e Rz, (E.32)
with derivatives

2 fy(r) L2 _ 2fy () _ 5 o (2x _

prcant (1 —v?)ek (— — 1) e B2 5z =V g3 (F — 1) e B2 (E.33a)
0% fy(r) _ 222y T ), p2y T

axdy a-v )SB R? er d0xdy — Ve R2 e R, (E.33b)
02fy(r) 2y? M 2y? _

5 = (- v2)ed (F - 1) e ’RZ # =v2ed (F - 1) e ’RZ (E.33¢c)

Substitution of (E.33) in (E.31a) yields

PN S

2y2 r_

= 5 [v2ty (1-2) - (4v2 - D)l 2+ (1~ v (1__)13—,22 :

£+S
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which is identical to (E.22a). The equivalence between (E.31b) and (E.22b) can be shown in the same

manner.
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Appendix F Single observation analysis for
EBECs

Empirical background error correlations

It has been shown by Vogelzang and Stoffelen [2011] that empirical background error correlations (EBECs)
can be derived from O-B covariances under reasonable assumptions. Their results read

S(r)—-R(r) S(r)+R(r)

pup() = 1+ g () = 142000 (F.1)
with

R(r) = fydssi(s) , S@)=[ds &2 (F.2)
and

1(r) = [ ds 220 ) = [ ds s(pee(s) + pu(s)) (F.3)

where p;; and p;; are the O-B correlations for the cross-track and along-track wind components, t and [,

respectively.

The parameters a, and a, are determined by the requirement that the EBECs approach zero when r goes to
infinity as
1 1
ay =—3(S(@) —R(®) , ay=—3(S(®)+R(®)) . (F.4)

The length scales Ly, and L, are

Ly =~ 1?;?;)) ’ gf - 1-2;11?0) (F:3)
Since ay, = —L3 (1 —v?) and a,, = —L%4v? it follows from (F.5) that the divergence to rotation ratio v? is
given by

v2=2(1+1(0)) . (F.6)
Note that in the same notation as above the Gaussian background error correlations have the form

PR =em(-5) L ppm=ew(-5) (E.7)
which agrees with the definitions in chapter 6.
Derivatives to x and y
The EBECs (F.1) are functions of the distance r only. Now for any function F(r)

TR =TT =)= xF'f) : (F.82)
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oF (r) dF (r) dr

F (T)

)

=F ("~

ady dr dy
where the prime denotes differentiation to r. From (F.8)

2 CF ()] ' ' ' 2 5" (rV—F'
BF(r)_ixm =m+x[iF(r)]i_c=F(r)+x_rF(r) F (1)

dx2 dx L r | r dr r r r r2

9%2F(r) 9 [ F @] [d F’(r)]y
——=—x—| =x|——|==
dxdy ay L r | dr r Ir

xy TF'(r)—F'(r)

r r2 !

8%F(r) _ d [ F(] _F® + [iF'(r) y_Fm

y* rF'(r-F (1)
+ A
dr r Ir r r r2

dy? oyl r | r

Rearranging terms yields

9%F(r) _F (r) x F'(r)
=R (Fe-1R)
a2 F(r) _ F'(r)

axdy  r? (F ) — ) !

aZF(r) F (r)
dy? r

+ 2L (Fm -10)

Derivatives of the covariances

According to (6.5) the background error covariances read
fo@) = A =vH)ebLapyy ()
fx(r) =v sBL

with 8]_% = Vl

Prx™)

= I/; and the correlations given by (F.1). The derivatives of the covariances are

, _S(m-R'm J()

Pyy(r) = =0 == = Zaw[ -no)]
' _ SR _ 1[I0

pXX(T) - 2a¢ - Zax[ T + 7‘1(1”)] ’

and (note that I'(r) is to be evaluated at the lower limit of (F.3) which introduces a minus sign)

by @) = 5= LD —21@) - 1)) =

r2
1 72(pee (M) +pu(r))— ](T)
2ay L T2

= sur 200 =22 -10)]

Ptt(T)—Pu(r) _ _
S - 10)] =

7] (r) =] ()
r?

Py () = = +7rI'(r) + I(r)]

[Tz (pee()+pu())—-J(r)
o 2a, r2

= |20 =22 +10)]

_ rptt(r);pll(r) + I(T')] —

(F.8b)

(F.9a)
(F.9b)

(F.9¢)

(F.10a)
(F.10b)

(F.10¢)

(F.11a)
(F.11b)

(F.12a)

(F.12b)

(F.13a)

(F.13b)

Now the corresponding derivatives of the covariances are equal to the derivatives of the correlations (F.12)

and (F.13) multiplied by the appropriate factor defined in (F.11).
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Analysis
Substitution of (F.10) to (F.13) in (E.30) yields
B v2Lg J(r) Jr)
t0y) = g [0 52 {100 - L2+ 2 (K2 - ) B} +
(1-v?)L3, J(r) J()
+tg o 100 - 22+ 2 (K2 - () 5} +
viLg () xy (1-v3)LY, ](T)
oS (KD (1) Z 4 1, 2 (R4 ) B (F.142)
e} (1-v?)Ly ](T) Jr) _ x?
l(x y) S +£ [lo 2a¢ {I( ) + 2( tt(r)) T_z} +
v2L2
oS (1) L2+ 2 (L2 - pu)) 5} +
(1-v?)L? J v21Z (]
to S (224 () B 00 2 (2 - pun) 2] (F.14b)
From (F.4) to (F.6) it follows that
iy _ g PRy (F.15)
ay ! ay ! ’
so (F.14) simpliﬂes to
1o L J() J()
t(x,y) = 2+8 [to{ . ( u(r )——T) (Ptt(T)——r)rz}‘F
+Lo(pu() = (D] (F.16a)
1@ J(r) J)
15,) = 2= [to 2+ (pue () —22) S+ (pur) - 22) 5} +
+to(pu() = P (N3] . (F.16b)
Double application of ’1 Hopital’s rule yields
lim 22 = |jm 22 = 1 Jo=1, (F.17)

r-0 71 r—0 2r
since J (1) = pee () + pu(r) + r(pét (r) + py, (r)) from (F.3). So (F16) is regular at the origin. Anyhow, the

terms with J(7) cancel, so (F.16) becomes

t9) = 22 [to {pu S+ pu) B} + lolou() — PN (F.18a)
166,9) = 22 [lo (o) 5 + pu ) 5} + to(ou @ = pu 0D Z] (F.18b)

Putting x = rcos ¢ and y = r sin ¢ results in
t(x,y) = [to (pu(r) cos? ¢ + pe (1) sin? @) + Lo (py () — pee (1)) sinp cos g, (F.192)

l(y) = 7, 7 lo(pee (r) cos 2¢ + pu(r) sin® @) + to(pu(r) — pee(r)) sinp cos ] . (F.19b)

+8
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Along the local x-axis (¢ = 0) or y-axis (¢ = 1/2) these expressions take a particularly simple form, showing
that the shape of the single observation analysis is proportional to the O-B correlations p;; and p;;, which, of

course, should be no surprise.
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Appendix G Fourier transforms involving a
Gaussian function

Forward Fourier transform

Let the function f(x, y) be defined in the spatial domain as a Gaussian function,
fay)=Fe™ s (G.1)
with 72 = x? + y? and F; and a, constants.

Its Fourier transform in the frequency domain reads (see appendix A)

fo,q) = [ dx [° dy f(x,y)e?mi®x+ay) =
= stjow dx e—(anZ_ZT[ipx) f_ww dy e—(asyz—Zniqy) . (GZ)

The integrals over x and y can be evaluated using the relation

f°° dz e—(Az*+Bz) — Ee‘g (G.3)
—00 A " °
Some simple algebra yields

2 r T(pre?)

flp.q) = Fs-e : (G.4)

Inverse Fourier transform

When deriving an analytical expression for the single observation analysis in Appendix F, the following

integrals are needed:

LyGoy;a)= [~ dp [~ dq pe~aP*+aMg-2mi(px+ay) (G.5a)
LG,y;a) = [ dp [7 dq pq e o® +a)e-2mibxta) (G.5b)
L, y;)=[" dp [~ dq qle~aP*+a)g-2mipx+ay) (G.5¢)

The integrands are separable in p and g, so

Lyp(x,y;a) = Ky (x; a)Ko(y; ) (G.6a)

Lg(x,y;a) = K1 (6 a)Ky (y;a) (G.6b)

lyg(x,y;0) = Ko(x; )Ka (v;0) (G.6¢)
where

Ko(x;a) = [ dp e~ap’=2mipx (G.7a)

K (a) =" dp pe ep’-2mix (G.7b)

Ky(x;a) = [ dp p2e=ap’=2mivx (G.7¢)
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The integral Ky
Write (G.7a) as
Ky(x;a) = f_woo dp e’ (cos(2mxp) — i sin( 2mxp)) . (G.8)

The second term yields zero, since the sine is odd while the Gaussian is even. The first term can be evaluated

using equation (7.4.6) of Abramowitz and Stegun [1970] and yields

7[2)(2
Ko (x; a) =\/§e_ a . (G.9)

The integral K

The are several ways that integral K; can be evaluated. One way is to split the complex exponential into a sine

and a cosine, like in (G.8) and do partial integration. A simpler way is to observe that from (G.7a)

% = :—xf_oow dp e~aP*=2mipx — _opy f_ww dp pe~W =2mPX = _2miK (x;a) (G.10)
so that

Ky (x; @) = —- o) (G.11)
Substitution of (G.9) in the right-hand side of (G.11) gives

K, (x;a) = —i (5)3/2 e (G.12)

The integral K>
Double differentiation of (G.7a) yields

d’Ko(;a) _ d?

J7, dp e owt=2mipx = (—2mi)? [* dp pZe~W ' 2MPX = —an?K,(x;a) , (G.13)

dx? T dx?
so that
) _ —_1d2K0(x;a)
Ky(xs0) = —— 57— (G.14)
With (G.9) this yields
w2 x2 5/2 1/2
ca) =" _(= 2, 1(x
K,(x;a)=e @ [ ) % +3(%) ] . (G.15)
The integrals I, Ipg, and Igq
Substitution of (G.9), (G.12) and (G.15) in (G.6) yields
3 1 _nz(x2+y2)
Ly (x,y;0) = [— (g) x? +E% e a ) (G.16a)
3 _m2x?+y?)
Lyg(x,y;a) = — (g) xye a , (G.16b)
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3 1 _m?(2+y?)
lgq(x,y; @) = [— (Z) y2+ ;%] e @ . (G.16c)
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Appendix H Minimization step size

The minimization is performed by routine LBFGS [Liu and Nocedal, 1989]. The algorithm adapts its step size,
but the size of the first step must be given. The minimization starts at the point £ = 0. At this point the cost

function value f(0) and its gradient g(0) are known.

Suppose now that the cost function is a parabola in the plane defined by the gradient direction and the

minimum. The cost function then reads
f) =as?+bé+c , (H.1)
with gradient
d
9@¢) = —’;(;) =2a+b . (H.2)

The minimum is located at & = &,,;,, where the gradient equals zero. Equation (H.2) immediately yields

b

$min = %a (H.3)
Substitution of (H.3) in (H.1) gives the value of the cost function at the minimum
bZ
f(fmin) =Cc— 2a (H.4)

The value of &,,;, from (H.3) is expected to give a good first guess for the initial step size. Since the

minimization starts at {¢ = 0, (H.1) and (H.2) readily yield
c=f0) , b=g0) . (H.5)

One extra relation is needed to fix the coefficients of the parabola. This needs some additional assumption.

The Single Observation Analysis shows that
1
f Emin) =3 £(0) (H.6)

In practical cases, the minimum value of the cost function turns out to be 25% to 90% of its initial value.

Substitution of (H.4) and (H.5) into (H.6) gives

()
7@ (H.7)

Substitution of (H.7) into Equation (H.3) gives the final result

0
28 = eminl = Lo (H8)

for the initial step size. 2DV AR obtains the best results when the step size in (H.8) is multiplied by a factor of
30.
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